Using a real-time formalism of thermal field theory, we derive the reaction-rate formula for neutrino-conversion (ν → ν ′ ) process and νν ′ annihilation process, which take place in an ultrarelativistic QED plasma consisting of electrons, positrons, and photons. Also derived is the formula for the inverse processes to the above ones. On the basis of the hard-thermal-loop resummation scheme, we include the contribution from the coherent processes. For the case of isotropic neutrino distribution, numerical computation is carried out for the parameter region of type-II super-nova explosion. Defferential reaction rate exhibits characteristic peak structure, which comes from the coherent processes. The contribution from the above processes to the decay or damping rate of a parent massive neutrino ν is also studied. 
Introduction
For the past two decades, properties of neutrinos in background media have attracted much interest (see e.g., [1] ). Interactions of neutrinos with a thermal background cause a change in the properties of neutrinos. The dispersion relation is the quantity that describes this change. Nötzold and Raffelt [2] were the first who comprehensively analyzed the dispersion relation of a neutrino in a thermal background, where, among others, the damping rate of an electron neutrino is computed, the rate which is related to the mean-free path and to the refractive index. Computation is performed by neglecting Pauli blocking effects and using the bare dispersion relation for participating electrons. Radiative decay of a massive neutrino has been analyzed in [3] .
It is by now well known [4, 5] that, in hot QED, the thermal propagators of a soft photon 4 and a soft electron (positron) are drastically changed from those of respective bare counterparts. The salient feature is the appearance of the imaginary part for space-like-momentum region, which comes from Landau damping mechanism. The dispersion relations for soft photon and electron are also largely changed. An effective or improved perturbation theory, called hard-thermal-loop (HTL) resummation scheme [4, 5] , in which the above-mentioned effects are taken into account, is established just after the work [2] . Recently, in relation to possible neutrino oscillation, neutrino-conversion processes have attracted much interest. In this paper, we deal with a neutrino-conversion (ν → ν ′ ) process and a νν ′ annihilation process, which take place in a hot QED (or electronpositron-photon) plasma. We also deal with inverse processes to them. On the basis of the effective perturbation theory of hot QED, we derive the reaction-rate formula for these processes. For the purpose of illustration, numerical computation is carried out for the differential reaction rate for the case of isotropic neutrino distribution. The contribution from the coherent processes exhibits a characteristic peak structure in energy distribution of a "decay neutrino" -ν ′ for the neutrino-conversion process and ν ′ for the νν ′ annihilation process. We then study the contribution to the damping rate of ν. Concrete computation is carried out for the case where no neutrino exists in background. We are interested in the temperature and baryon-number density regions of type-II supernova explosion (cf. [4, 6] ); m e << T, µ << m ion . As in [3] , we neglect the effect of the ions.
2 Reaction-rate formula and damping rate of a massive neutrino
We deal with the system that consists of a hot QED plasma and neutrinos. We assume that the hot QED plasma is in thermal and chemical equilibrium, while the neutrinos are not. A neutrino-conversion process of our concern is
We assume that ν is massive, left-handed neutrino (with mass m), ν ′ is massless and left-handed. The four-momenta K and
, respectively. The hot QED plasma is assumed to be at rest. The total reaction rate for the process (1) contributes to the damping or "decay" rate Γ d of a parent neutrino ν. Γ d also receives a contribution from the relative process to (1),
Hereν ′ is an antiparticle of
The energy and mass regions of our interest are
respectively. Here M W (m e ) is the mass of W boson (electron). Then, we may use the effective Lagrangian, which, after Fierz transformation, reads
Here L ≡ (1 − γ 5 )/2, G is Fermi's constant, and underlined fields stand for the fields in the "weak-interaction basis". For the QED sector, we employ the real-time formalism of thermal QED [4, 7] . In the region of our interest, T, µ, E, k
d , reads
The diagram forΓ (1) d is shown in Fig. 1 . In Eq. (4), U is the lepton mixing matrix and, in Eq.
where
(Q) in Eq. (5) is the (2 1)-component of the one-loop thermal "selfenergy-part" matrix of W :
where no summation is taken over i and j, and S ij is the (i j)-component of the bare thermal propagator matrix of an electron, whose form is displayed in Appendix A. 
where ǫ µνρσ is a fully anti-symmetric pseudo tensor with
are as in Eqs. (A.2) and (A.3), and P αβ T (L) is the standard projection operator onto transverse (longitudinal) mode,
Π (T /L) ij (Q) in Eq. (7) is the (ij)-element of the T /L-component of the real-time thermal self-energy part of a photon in hot QED. Π (S) 21 (Q) (S = T, L, VA) are related to [4, 7] the so-called Feynman self-energy part
Here n B (x) = 1/(e x/T − 1) and 'Im' means to take the imaginary part with Feynman prescription. In Appendix B, Π (S)
is computed within the approximation m e = 0, which is a good approximation for a plasma with high temperature and/or density, m e << T, µ. In Sec. III, we discuss to what extent the approximation m e = 0 is good one. It is worth mentioning that Π Straightforward manipulation of Eq. (5) using Eqs. (6) - (11) yields
The integration region R in Eq. (13) is defined as (see Fig. 2 )
In the region
is the kinematically allowed region of the reaction (1) [ (2)]. At first sight, at q 0 = E − k, Eq. (13) seems to diverge at q = 0. Inspection of the formulae in Appendix B tells us, however, that this is not the case.
We now turn to the inverse processes to (1) and to (2):
The process (16) is a production process of ν due to the reaction of ν ′ with constituents of the QED plasma (e, e + , and γ) and the process (17) is a νν ′ production process.
In a similar manner as above, we obtain the reaction-rate formula for these processes,
p is the same as Fig. 1 , provided that the two types of vertices are interchanged, 1 ↔ 2.
The net decay rate Γ
where 
According to the HTL-resummation scheme [5, 4] , the integration region in Eqs. (12), (13), (19) , and (20) should be divided into hard-Q region (|Q
and the soft-Q region (
Hard-Q region: For ImΠ
, expressions given in Appendix B are used. Soft-Q region: Observing the formulae in Appendix B, we see that, for e << 1,
where ImF T /L (Q) is as in Eq. (B.1) with Eqs. (B.14) and (B.15) in Appendix B. In the soft-Q region, there is an additional contribution: An inverse HTL-resummed photon
. Thus, the diagram forΓ d as shown in Fig. 3 yields an equally important contribution.
The characteristic scale parameter of the hard region is [5, 4] T 2 + µ 2 , and that of the soft region is e T 2 + µ 2 . As a matter of fact, observing that e ≃ 0.30, the hard region and the soft region are not sharply separated. Taking this fact into account, we compute the contribution from Fig. 3 , Γ (2) , without using the HTL-approximation (e << 1). The contribution is given by Eq. (5) with the replacement [4, 7] ,
where Π's are as in Eq. (6) and * ∆ is as in Appendix A.2. Straightforward computation yields
The replacement (23) and Fig. 3 tell us [8] that Eq. (24) describes the differential rate for a set of processes, in which real and/or virtual photon(s) participate. It is to be noted that the (real) photons in the QED plasma are in thermal equilibrium. Then, the photon(s) does not come out of the plasma, so that, when the decay neutrino goes out from the plasma, it does not accompany photon(s). [In this relation, see [3] ].
In a similar manner, we obtain, for the contribution from the processes (16) and (17),
The diagram for this is the same as Fig. 3 , provided that the type-1 vertex and the type-2 vertex in Fig. 3 are interchanged.
In the next section, we shall use the formulae displayed above for the whole Q 2 -region.
Numerical computation
We are interested in the type-II supernova environment, which is a QED plasma whose core temperature is T ∼ 30 − 60 MeV and electron chemical potential is µ ∼ 350 MeV [4] .
Differential reaction rates
In general, the
sotropic, and one should compute Eqs. (13), (20), (24), and (26) substituting given
. In this section, we restrict ourselves to the case of isotropic distribution, 
Here
with G (1) (Q) and G (2) (Q) as in Eqs. (14) and (25), respectively. We compute
for various values for the parameters T , E, and m. For the chemical potential, unless otherwise stated, we take µ = 350 MeV [4] . We find that the numerical results are insensitive to the neutrino mass m at least in the range 0 ≤ m 100 eV/c 2 [9] . This is natural since m ( 100 eV/c 2 ) is much smaller than all other parameters, T, µ, and E. We take m = 0.01 eV/c 2 throughout.
In Figs • Figures 4 -7 show the results for different values of E with T = 50 MeV. We see, as is expected, that for smaller incident-neutrino energy E, G (2) /G is larger.
In the region of figures (b) [the region of the processes (2) and (17)], both G
and G (2) (= G − G p /dq 0 (Eq. (26)). As a matter of fact, each of them involves a set of infinite number of coherent processes. A few examples of them that are involved in dΓ (2) d /dq 0 are ν + e → e + γ + ν ′ , ν + e → e + e + e + + ν ′ .
Figures 4 -8 tell us that, for most regions displayed in figures (a), an infinite number of "interference contributions" is summed up to be negative, so that dΓ (2) d /dq 0 and dΓ (2) p /dq 0 are negative.
• Both in figures (a) and (b), G (2) (q 0 , E, T ) exhibits peak structure. For figures (a) [q 0 < E], the peak is at q 0 ≃ 0 or k ′ = E − q 0 ≃ E and is more prominent for smaller incident energy E. The structure of figures (b) [q 0 ≥ E] may be understood as follows. In the hard-thermal-loop approximation [cf. Eq. (22)] 
The dispersion curves, q 0 = ω T (q) and q 0 = ω L (q), are shown in Fig. 2 . Use of For the purpose of seeing the effect of the chemical potential µ, we display in Fig. 9 the result for (E, T, µ) = (10, 50, 0) MeV. [For the QED plasma in the early universe, µ ≃ 0.] We see that G (2) << G (1) , so that the peak structure is less prominent when compared to the case of µ = 350 MeV, Fig. 5 . G in the region q 0 > E is much larger than G in the region q 0 < E. Above computation is carried out neglecting the electron mass m e . Inclusion of the electron mass m e causes a change in Π . For the region q 0 < E, prominent reduction occurs only at q 0 ≃ 0, at which G (2) peaks. Larger reduction occurs for smaller E.
Decay rate
For computing the contributions to the decay or damping rateΓ d (=Γ (12)) and to the production rateΓ p (=Γ (1) p +Γ (2) p ) (see Eq. (19)), knowledge for the distribution function n ν ′ (K − Q) is necessary. Furthermore, for computing the net decay rate Γ net d (E,k), Eq. (21), knowledge for the distribution function n ν (K) is necessary.
Here we compute the damping rateΓ d of an incident ν on a hot QED plasma with no background neutrinos, n ν = n ν ′ = 0. Then, the process (2) Cutting off the contribution from the region |Q 2 | < m 2 e does not result in sizable reduction.
Characteristic features:
• For the range of E, T , and µ displayed in Figs. 10 -13, the contribution from the soft-Q region,Γ
d , is not very large.
• Figures 12 and 13 tell us that, for µ = 0,Γ d is almost linear in E. As a matter of fact,Γ d 's in Figs. 12 and 13 are well parametrized as
with (c, α) = (0.60, 0.04).
Discussions
For relativistic particles dealt with here, the mean-free path l is related to the decay rate Γ through l = 1/Γ [2] , which, in turn, is related to the imaginary part of the refractive index Im pernova. This means that, when applying to the actual supernova,νν ′ as well as νν ′ production processes are also important and, through these processes, (anti)neutrinos are produced. Thus, one confronts with the necessity of more elaborate analysis, in which the distribution functions of (anti)neutrinos and their evolution through the Boltzmann equation are taken into account. Furthermore, we have assumed in this paper that the hot QED plasma is in thermal and chemical equilibrium and is of infinite size. More realistic treatment for this is also necessary.
Bare thermal propagator of a massless electron
Elements of the bare thermal electron propagator matrix reads [4, 7] S ij (P ) =S ij (P )P / (i, j = 1, 2), (A.1)
Here T is the temperature of the QED plasma and µ is the chemical potential being conjugate to the electron number.
Effective thermal propagator of a soft photon
Elements of the effective soft-photon propagator matrix (in Landau gauge) reads [4, 5] 
where P αβ T (q) and P αβ L (Q) are as in Eq. (9) and
Appendix B Thermal self-energy part Π
Here we compute the lowest-order contribution to Π S F (Q) (S = T, L, VA)), Eq. (10). We are interested in the high-T and large-µ region T, µ >> m e , and then we ignore m e . The effect of m e ( = 0) is discussed in Sec. III.
Computation of Π (S)
(B.1)
T /L stands for the vacuum contribution and F T /L stand for the contributions that dominate in the soft-Q region, the latter contributions which are called hard thermal loop [4, 5] . Incidentally, Π 
In obtaining the vacuum contribution (B.2), we have used the MS scheme and µ r is the renormalization scale, for which we choose µ r = T 2 + µ 2 .
[We have adopted a convention that Dirac gamma matrices are 4×4 matrices in D-dimensional spacetime.] Incidentally, the vacuum part of Π (VA) F vanishes. In the above equations, α = e 2 /4π,
is the thermal mass of an electron, and
10)
It is straightforward to obtain 
